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Abstract 

The conformal transformations corresponding to iV-Galilean con- 
formal symmetries, previously defined as canonical symmetry trans- 
formations on phase space, are constructed as point transformations 
in coordinate space. 

1 Introduction 

In the recent paper pQ we have constructed, using the orbit method [2], 
the general Hamiltonian system on which the centrally extended iV-Galilean 
conformal algebra [3] (group) acts transitively as symmetry group (the central 
extension is possible for N - odd in any space-time and for all N in (2 + 1)- 
dimensional one [I]- [6]). It appears that any such system consists of "exter- 
nal" variables forming standard phase space and the "internal" ones: spin 
(related to SU(2) subgroup) and pseudospin (related to <SX(2,R) subgroup). 
The dynamics of external and internal variables are decoupled. Neglecting 
the internal variables one obtains the free dynamics governed by higher- 
derivative theory [6] (in fact, the necessity of considering higher-derivative 
theory was revealed in IE] ) • 
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In Ref.[T] the conformal transformations were introduced as canonical 
symmetry transformations acting on phase manifold. Here we complete the 
picture by showing that, within the formalism of higher-derivative theories, 
the conformal transformations can be defined as point transformations act- 
ing on configuration space. Using the results of Ref. pQ we derive the form 
of point transformations and show that the higher- derivative Lagrangian de- 
scribing free motion is invariant (up to a total derivative) under the action 
of these transformations. 

The paper is organized as follows. In Section [2] we remind the main results 
of Ref. [1] and derive the explicit form of canonical symmetry transforma- 
tions. In Section [3] and S] the point transformations on configuration space 
are defined which coincide "on shell" with these introduced in Section [2] and 
it is shown that they are Noether symmetries of free higher-derivative La- 
grangian with integrals of motion corresponding to the ones on Hamiltonian 
level (in order to do this we construct an integral of motion for an arbitrary 
higher-order Lagrangian). Section [5] is devoted to concise conclusions. Some 
technicalities are relegated to the Appendix. 



2 Hamiltonian formalism 

The iV-Galilean conformal algebra has the following structure. First, 
we have the direct sum of su(2) algebra (spanned by J^'s) and sZ(2,R) one 
(spanned by H, D and K) 

[J a ,J b ] = te abc J c , 
[D, H] = iH, [D, K] = -iK, [K, H] = 2iD. ^ ' 

It is supplemented by 3(N + 1) (in general case of d-dimensional space - 
d(N + 1)) dimensional abelian algebra which carries D^ 1 '^ representation 
of SU{2) x SL(2, K) and is spanned by the generators Cf, a = 1,2,3; i = 
0, 1, . . . , N. The relevant commutation rules involving Cf read 

[r, c»] = ie abc q, [h, q\ = -ijc^, 

[D,c?] = i{j-j)c;, [K,q\ = i{N-j)q +1 . (2) 

For iV odd (and also N even in 2+1 dimensions) the algebra defined by eqs. 
(II]) and ([2|) admits the central extension [51 [6] . 

[Cj\ C£] = iS^j+ki-l^jlklM, (3) 
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with M being additional central generator. The above algebra can be inte- 
grated to the group (SU(2) x SL(2,R)) x R 3N+i where R 3N+A is nilpotent 
group and the semidirect product is defined by the D^'~^ © _D(°>°) represen- 
tation of SU{2) x SL(2, R). 

The question arises what are the dynamical systems exhibiting the sym- 
metry described by iV-Galilean conformal group. In the case of centrally 
extended algebra the answer was given in Ref. [6]. The results obtained 
there have been generalized in Ref. [1] to the space of arbitrary Hamiltonian 
system on which our group acts transitively. Below we discuss the proper- 
ties of the system constructed by Gomis and Kamimura [B] ; the general case 
differs by the existence of additional internal degrees of freedom pp. 

The phase space is parametrized by the canonical variables q^, p%, a = 
1,2,3, k = 0,1..., ^i, obeying 

K,p£} = M«- (4) 

Defining 



hit) 



d(t) 



kit) 



one finds the Noether charges corresponding to the generators of Lie algebra 
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1 2 
— (fe) 2 + ^«-i, 



2m 2 

k=i 



N-l 
2 



- k)q k p kl 

(5) 



N -3 
2 



^ ' fc=0 

JV-1 
2 

5^<ffc x p fc , 



fc=0 



h = h(t), 

d = d(t) -th(t), 

k = k(t) -2td{t) + t 2 h(t), 

J=3(t), 



ir^ELo^-V,, o<j< 



(6) 



jV-1 

ki ^ — J — 2 ' 



These charges generate the canonical transformations representing the N- 
Galilean conformal group on Hamiltonian level. Computing systematically 
the infinitesimal action of all generators we find: 



- for Cj 



N-n (k + n)< 

5q n = {J2^ B ^Qn} = ^(-l) fc+rt -^ 1 n) '' t k x k+n , 



k\ 

k=0 



(7) 



fc=0 



- for h 



Sq n = {rh, q n } = -r ( — 5n=i n fei + (1 - 5n=i n )q n +i J 

ym 2 2 2 >" j 

5p n = {rh,p n } = r(l - S^Pn-i, 



(8) 



- for d : 



TV 1 

5q n = {Ad, q n } = A ( -(— - n)q n + t(— Pe=i5n=i n + (1 - 5n=i n )q n +i 

Z Tfl 2 2* 2 1 

{Xd,p n } = A ( ( — -n ) p n - t(l - 5 n0 )p n _i 



(9) 
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- for k : 

6q n = {ck, q n } = c\Jl - S n0 )n(N -n + l)(f n _i+ 

2 *("T - n )Vn - t 2 (— 5 M-ipn-i + (1 - 6 ir-i)q n+1 ) 

L TYl 2 2 2 

5p n = {ck,p n } = c(m8 n N f L ( — ^ - ) 2 qa=i - (1 - S n E=i)(N - n)(n + l)p n +i- 

2t (~^ ~ n )Pn + t 2 ( l ~ 8no)Pn-l) ■ 

(10) 

These equations can be integrated out to yield the global transformations. 



3 Lagrangian formalism 

We want to find the realization of iV-Galilean conformal group as a group 
of symmetry transformations on coordinate space (point transformation). 
Let us note that the Hamiltonian h given by first eq. © is the Ostrogradski 
Hamiltonian [10] corresponding to higher derivative free Lagrangian 

The procedure of passing from Lagrangian to Hamiltonian formalism is slightly 
involved [TO]. First, one enlarges the coordinate space by defining: 

qo = q, <?i = q, - • • , qs=i = <r 2 ; ( 12 ) 

then one writes out the Lagrangian 
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9 JV-3 



. dq N-i . 

L "(^tH + -&+i); (13) 

fc=0 



L is singular so the Dirac method has to be applied. It appears that all 
resulting constraints are of the second class which allows to eliminate the 
Lagrange multipliers and their conjugate momenta. In this way we arrive 
at the Ostrogradski Hamiltonian. 
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To find the action of N- Galilean conformal group in coordinate space 
let us remind that the general canonical transformation describes the point 
transformation provided the new coordinates are expressible in terms of old 
ones (with no momenta involved) while the new momenta are the linear 
functions of old momenta (with coordinate-dependent coefficient); actually 
they can be more general affine functions if the Lagrangian transforms by 
a total derivative. However, the above statement is true only provided the 
time variable remains unchanged. If it changes the momenta can enter the 
expressions for the variations of coordinate variables provided they appear 
only in the form of Poisson brackets of Hamiltonian with coordinates. Then 
the terms containing momenta can be removed from transformation formulae 
at the expense of admitting the time variation. The resulting modified point 
transformations coincide "on shell" with the initial canonical ones. 

A simple inspection of the formulae given in Sec. [2] shows that the canoni- 
cal action of iV-Galilean conformal group has the above mentioned properties. 
Therefore, one can define the action of this group on coordinate space which 
"on-shell" coincides with the transformations defined in Sec. [2J It is not 
difficult to derive the form of this action. First, let us note that the relations 
(l7j)- (fT0l) yield immediately the global form of transformations generated by 
4's: 



V = t, 



9nW + E(" 1 ) 




(14) 



k=0 



The global action of h obviously reads 



f = t + T, 

<£(0 = &(<)■ 



(15) 



To find the action of dilatation we rewrite eq. in the form 

N 

Sq n = X(n - —)q n + Xtq, 



(16) 



which can be easy integrated to 



t' = e 



A 



t 



qi(t>) = e^-^q n (t). 



(17) 
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The case of conformal transformation is slightly more involved. First, by 
extracting the coefficient in front of h(t) in the expression defining k we find 

St = ct 2 , (18) 

which integrates to 

i'~ t ^)- (19) 
Now, the first eq. (fTUj) can be written in the form 

Sq n = c (n(N -n- l)q n -i + 2t(y - n)q n - t 2 'q}j . (20) 

The last term on the right-hand side is responsible for time variation. One 
can get rid of this term by replacing the time variable by its "running" value 
f|T9|) . In this way we arrive at the following equations 

dcL(t(c),c) , „ T . . . . . . 2t ,N . . , , . , 

K ^ c ' ' =n(N-n + l)&_i(t(c), c) + j—^i - - n)q n {t{c), c). (21) 

It is not difficult to integrate eq. fl2~TT) . The result reads 

-/a fn\ {N + k- 1)! c fc ^ /N 

*<o = g y (at-i). (i-ct)^ ^"'- < 22) 



Finally, the action of rotation subgroup is standard. 

Let us note that in all cases the following important property holds: 



da' (f) 

q n+1 = q n implies q' n+1 {t') = -^Ll. (23) 



It allows us to reduce the action of the group under consideration to that on 
the variables t and q — %- One finds 



N 

N+l 



H = t, q'(t') = q(t) + J2(-±) k >t k x k ; (24) 

k=0 

t' = t + T, q''(t > )=q(ty, (25) 

t' = e~\ q'(t') = e- x fq( t ) ] (26) 
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as the counterparts of eqs. flUD CG>D (HZD (122]) . respectively. 

It is shown in Appendix that in all cases Ldt (with L given by eq. (I15p ) 
is invariant, up to an exact differential, under all the above transformations. 

Eqs. (|24p - (j27p allow us to write out the differential realization of the 
algebra flj, O). It reads 



(28) 



Let us also note that commutate with each other. This is due to the fact 
that M, being central element, act trivially in coadjoint representation. 

In order to complete the picture we will find all integrals of motion corre- 
sponding to the transformations (|24p -(l27 p and compare them with the ones 
defined on the Hamiltonian level (JS}. First, let us note that for infinitesimal 
transformations 

q' = q + ex(q,t), t' = t + eg(t), (29) 

and an arbitrary higher-order Lagrangian L = L(q,q, . . . , (f R ^), R > 1, the 
symmetry condition 



implies 

4(5 /) _ y J^(^) - egL = 0. (31) 
dt 4^ d (f n) dt n 



n=0 

For n > the following identity holds 



o=- £ ^^"" i))+ ^"' (32) 

k=0 
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while for n > 1, k > we get 

'fe-i 



dt k{9q } d^) dt ' dt k ~ l -^ 9q ) \dtij \dfr)J 

{-l) k g^ n - k) - 



.1=0 

d k ( dL 



+ 



dt k 

(33) 

Using eqs. (I3"2|) and (13"3"j) one finds 



n=l ^ n=l fc=0 v ^ 7 

»i— 9 ! — i \ i—n \ / i 



(34) 



On the other hand the Ostrogradski Hamiltonian for L can be written in the 
form 



R-l 



H = J2pi^ +1) -L, (35) 

1=0 

where 



» = ("I)' y^Tiy) • « = 0,1,. (36) 



B-n-1 
j=0 

consequently the first term on the r.h.s. of eq. (1341) can be rewritten as 
follows 

R n ~ 1 jjfc / a r \ ^ ' 



7i — 1 k — L — 1 j — 

1=0 j=0 v 



(37) 
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where H is expressed in terms of q and their time derivatives. Substituting 
this result into eq. ( 15111 and using eq. (151]) we obtain the following equation 



A ( R n-l k-1 ik-l-l / Al\ XT 

\ n=2 k=l 1=0 ^ 



(38) 



(it \ A^A^A^^ i di *-i-iw i \ dt i I Qgin 

n=0 ^ 

Moreover, one checks that 

£^-i(g«")^£(-i) 4 ®- <*> 

Together with eq. ( |38|) this leads to the following integral of motion 

c = h 9 - Y,*.a» + £££ ^rtt^') 4 GPy + 

fc=0 n=2 fc=l Z=0 \ / \ 1 / 

(40) 

Now, let us apply these general formulae to our Lagrangian (fTTl) and 
symmetry transformations (|24]) - (|27p . In this case the generalized momenta 
(|36p and the Hamiltonian H, when written in terms of <f s, read 

p n = m(-l)^~ n q< N - n \ n = 0,l,...,^^, (41) 



H = ^(-l)^-^--)^) + -(^)) 2 . (42) 

n=0 

Let us now find the integrals of motion. For the transformations f[2~4"l) . g% = 
and Xfc = (— l) k ~^~t k , k = 0, . . . , N while the functions 5fk are of the form 
(see Appendix, eq. (156|) for small x) 

N-l 



Sf k = 0, fc = 0, . . . 
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Due to eq. (I4UI) the corresponding integrals of motion are of the form 

^ = m D-^fi ^ k = 0,...,N. (44) 

n=0 ^ '' 

For time translations obviously C = H . 

Similarly, for dilatations ( )26|) . 5/ = 0. Substituting g = —t, x = -^-q 
into eq. (140]) we obtain the following integral of motion 

JV-l 

D = -tH + D(t) = -tH + m J2(-l)^~ k (— - k)(f N ~ k ^(f k \ (45) 

fc=0 

For conformal transformations (I27p . eq. (158]) implies Sf = y (^2^") 2 (^^^ 

Moreover g = t 2 and x = £iV<f. Using this we find, after some computations 
the corresponding integral of motion 

K = t 2 H- 2tD(t) + = - 2tD(t) + 

N-3 

~2~~ / AT , 1 \ 2 



n±U + l)(iV-i)(-l)--'^^ +1 ) + f (*±i) 

3=0 ^ ' 



(46) 



Finally, by considering rotations one gets the following expression for angular 
momentum 



JV-l 
2 

JV-l 



J — m^(-l)^-V fe) x ^- fc) . (47) 

fc=0 

Concluding, let us note that, as in the case of first order theory, all integrals 
of motion (144j) -( l47j) can be obtained from the ones on the Hamiltonian level 
(see, eqs. (EJ)) by expressing Ostrogradski momenta (l4"Tj) in terms of q and it 
time derivatives. 



4 Two-dimensional case 



As we have mentioned, in the case of dimension 2 and N even, there also 
exists the central extension of iV-GCA and It is given by 



[C* C h k ] = -ie ab 5 N ' j+k {-l) 1 ^k\j\M, (48) 
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where a,b — 1,2, j, k = 0,1,..., iV. Neglecting "internal" degrees of 
freedom general Hamiltonian systems with this symmetry is of the form (see, 

ED 



{&p b k } = 6 ab 8 jk , j,k = 0,...,^-l, a, b =1,2; 



= a, 6 =1,2. 

2 2 m 



Denoting p a N = q N and 

~2~ ~2~ 
2 X 

ft(*) = ^PkQk+i, 

k=0 

^ N 



fc=0 



2 iV 
fc(t) = -^(N - k + l)kp k qk-i ~ N(— + l)qN_ x pN, 



k=l 



N 
2 



at) = x p*> 



(49) 



(50) 



fc=0 

one can find Noether's charges: 

ft = h(t), 
d = d(t) - th(t), 
k = k(t) -2td{t) + t 2 h{t), 

j=m, 

[ (-i)^ +1 ELo ^"*pg, o < 3 < f - 1 

Of course, we can repeat the preceding considerations. For example, infinites- 
imal transformations of % are of the form: 



(51) 
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for Cj : 



N 

N 



for h : 



for d : 



for k : 



$Qo = {^XjCj,q } = ^2t ] (-iy *Xj, (52a) 
j 3=0 



Sq = {rh, %} = -fq u (52b) 



Sq = {Xd, g } = A(tgi - yg ), ( 52c ) 



5q = {ck, q } = c(tq N - t 2 ^). (52d) 



In terms of the variable q = % the Lagrangian corresponding to the 
Ostrogradski Hamiltonian h reads 

■ iv-i , jy+i l 
m d 2 q a d 2 q° 

L = T7 e ab~~^I iv+i ■ (.53) 

z at 2 at 2 

As previously, one can show that the action of iV-GCA can be translated 
into coordinate space q and the symmetry transformations, corresponding to 
052]), are of the form (cf. eqs. (Elft-CT for the case of N odd) 

N 

t> = t, q'{t') = q{t) + ^(-l) fc ^ t k x k - (54a) 

fc=0 

t' = t + T, q'(t') = q(t); (54b) 
i! = e ~ x t, q'(t') = e- x %q(t); (54c) 

t' = ^—, q'{t')= , (54d) 
1-cV H V 1 (l-ct) N V ; 

Differential realization of the algebra is the same as in the case of N odd 
(there is not central extension on Lagrangian level). 
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5 Conclusions 



In this paper we completed the picture by providing dynamical realization 
of iV-Galilean conformal symmetries, in the case when the relevant algebra 
admits central extension. It has been shown previously [HE], that the generic 
Hamiltonian system on which the N- Galilean conformal group acts transi- 
tively as a group of canonical transformation is described by Ostrogradski 
Hamiltonian (modulo the dynamics of "internal" degrees of freedom). Here 
we defined the point transformations acting on coordinate space which co- 
incide "on-shell" with the above canonical ones. They provide the Noether 
symmetries of free Lagrangian containing — i^-th order time derivatives as 
well as the Noether's charges coinciding with those obtained on Hamiltonian 
level. It can be further shown [11] that iV-Galilean conformal group is the 
maximal group of Noether symmetries of free higher-derivative Lagrangian. 
This generalizes the Niederer's result [9] concerning the Schrodinger group, 
N = 1 (actually, Niederer proved it on quantum level) 

Acknowledgments The authors would like to thank Cezary Gonera, Pi- 
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6 Appendix 

Let us now show explicitly that under the transformations of N- Galilean 
conformal group the Lagrangian (jlip transforms by total derivative; more 
precisely we prove that 

m ( d^^g'A dt' m ( d^^q^S. df 

Tt = ^\-^¥) + Jr (55) 

where / is a function of q and its time derivatives up to order. Using 
the formulae of Sec. [2] we see that / = for time translations, dilatations 
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and rotations. For transformations (I24p the functions fk are of the form 

N — 1 



fk = k = 



? ... ? 



2 



. JV+1 
2 



(k-n)r (56) 



2 



2 y 2k -N 

For the conformal transformation (j27|) the condition (155|) takes the form 



m I a z q \ at m I a ^ q 



2 I cft'^ / dt 2 U 



jV+l 
2 



(Jv±i)2( A r-/)!(AT-/')! c ^+i-w 



(57) 



l,l'=0 
l+l'<N+l 



- - - ct) N + 1 - l - lJq q 



j2 

H 

Let us put 



jV-l 

v 7 i,/'=0 v y 

Then eqs. (15711 and (158|) imply 

(iv-OKiv-/')! 



(N-l- />(/, /') + a(Z - 1, /') + a{l, I' - 1) 



(59) 



Eq. ( 155|) is established once we show that this recurrence has the solution. 
To this end we put 

a(l,l') = (N-l-l'-l)ld(l,l'). (60) 
In terms of d(l, I') eq. ( 1591) reads 

1 JV TV 

d(z, /') + d(z - 1, o + d(z, r - 1) = W] c% ' (k-i) (k 1 - 1% (6i) 
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. AT+3 /,/_ iV+3 
re— 2 re ——2— 



where 



ft 

°^ = h\l 2 \(n-h-k)V (62) 



Note that the following identity holds 

u hh + u (ii-i)i a + u h(h-i) - u hh ■ y® 6 ) 

The product Ylk=^^(^ ~ ^ s a polynomial in I of degree — =i with iV- 
dependent coefficients. It is easy to show that it can be rewritten as 

N *P n-1 

J] (k-l) = J2^ n (N)H(l-k), (64) 

/,- N+a n =0 k=0 

K ~ 2 

for some /3 n (iV)'s. Using (164)) one can rewrite eq. (161]) as 



iV-1 
2 



o + d(z - i, n + tz(z, i' - 1) = ]r 7n,n'(^)c^;vi- (65) 

n,n'=0 

By virtue of the identity fl63l) we find 

N-l 

d{ij)= fl in.Amciztt 1 , (66) 

n,ra'=0 

so eq. (!55|) holds. 
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